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Abstract. In superspace a realization of 3(2 is generated by the super Laplace 
operator and the generalized norm squared. In this paper, an inner product on 
superspace for which this representation is skew-symmetric is considered. This 
inner product was already defined for spaces of weighted polynomials (see [K. 
Coulembier, H. De Bie and F. Sommen, Orthogonality of Hermite polynomials 
in superspace and Mehler type formulae, arXiv:1002.1118 ). In this article, it is 
proven that this inner product can be extended to the super Schwartz space, 
but not to the space of square integrable functions. Subsequently, the cor- 
rect Hilbert space corresponding to this inner product is defined and studied. 
A complete basis of eigenfunctions for general orthosymplectically invariant 
quantum problems is constructed for this Hilbert space. Then the integra- 
bility of the sl2-representation is proven. Finally the Heisenbcrg uncertainty 
principle for the super Fourier transform is constructed. 

1. Introduction 

In recent work, we have been developing a new approach to the study of super- 
space, namely by means of harmonic analysis (see e.g. [H] [TOl IH [8]). We work 
over a superspace R™l^" generated by m commuting or bosonic variables and 2n 
anti-commuting or fermionic variables ([2])- The main feature of this approach is 
the introduction of an orthosymplectic super Laplace operator and a generalized 
norm squared R^. They have the property V^(i?^) — 2{m — 2n) = 2M with M the 
so-called super-dimension. This parameter characterizes several global features of 
the superspace R'"!^", see [TTl [lOl [121 [6] . In [Til [TOl g] integration over the super- 
sphere (algebraically defined by i?^ = 1) was introduced giving a new tool in the 
study of super analysis. 

Schrodinger equations in superspace were considered first as a method to incor- 
porate spin, see e.g. [T31II1]- The quantum (an-)harmonic oscillator ( [121 [T^ [T7] ). 
the Kepler problem (dZj), the delta potential ([9 ) and the CAfS'-model ([S]) have 
already been studied in superspace. Until now, a suitable Hilbert space structure 
for quantum mechanics on superspace has not been introduced. It is therefore the 
main aim of this paper to tackle that problem. 

In [5], we already constructed an inner product (•|-)2 on the space of polynomials 
weighted with the super Gaussian such that and are symmetric operators. 
Here, we will show that this inner product can be extended to the super Schwartz 
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space, 5(R™) (g> A2n, with A2n the Grassmann algebra, but not to L2(M'") A2n- 
In order to prove the extension to iS(M™) ® K2n we construct a spherical Hermite 
representation theorem for iS(M™) ig) A2„. In doing so, we will consider two different 
bases of the Schwartz space, the product basis (obtained by products of purely 
bosonic and fermionic bases) and the spherical basis (generated by the canonical 3(2 
realization in superspace) . The main technical tool in extending the inner product 
(•|-)2 is the determination of polynomial bounds of the change-of-basis coefficients 
between these two bases (see theorem l3.4p . 

Next we turn our attention to suitable Hilbcrt spaces for quantum mechanics 
in superspace. We first prove the rather surprising fact that any Hilbcrt space for 
which B? and are symmetric operators and which contains the eigenvectors of 
the harmonic oscillator will contain generalized functions (i.e. distributions). These 
generalized functions are weak derivatives of functions. This is in agreement with 
the study of orthosymplectically invariant Schrodinger equations in i6 which led 
to the conclusion that it is natural to include generalized functions in the space 
of solutions. Subsequently, we define our 'canonical' Hilbert space as the closure 
of iS(M™) ® with respect to (•|-)2- We show that the space of solutions of or- 
thosymplectically invariant Schrodinger equations (such as the oscillator and Kepler 
problem) constructed in [6 forms a complete basis. We also derive a criterion for 
essential self-adjointness of orthosymplectically invariant Hamiltonians. Then we 
show that the SI2 representation generated by the super Laplace operator and the 
generalized norm squared on 5(R™) (d -^.2n is integrable. This is a generalization of 
a result for Dunkl-harmonic analysis, see jT|. Finally we formulate and prove the 
Heisenberg uncertainty relation for the super Fourier transform. 

The paper is organized as follows. First the necessary notions of super harmonic 
analysis are reviewed. Then the coefficients for the change of basis between the 
super Hermite functions and the product of purely bosonic and fermionic Hermite 
functions are calculated and a detailed study is made of their growth properties. 
Using this result we prove that the inner product can be continuously extended to 
5(R'") ® A2„, but not to L2{W^)®k2n- The Hilbert space L2(M'"|2n) jg then con- 
structed as the unique Hilbert space containing the space of polynomials weighted 
with the super Gaussian, corresponding to the inner product (•|-)2. Then we con- 
sider orthosymplectically invariant Schrodinger equations on superspace. Finally 
the integrability of the 5\.2 representation and the uncertainty relation for the Fourier 
transform is proven. Also a list of notations is provided in order to avoid confusion. 

2. Harmonic analysis in superspace 

Superspaces are spaces where one considers not only commuting (bosonic) but 
also anti-commuting (fermionic) co-ordinates (see a.o. [2]). The 2n anti-commuting 
variables Xi generate the complex Grassmann algebra A2„ under the relations 
An arbitrary element / £ A2„ can hence always be written as 
f = Y.A fAXA with XA = ■ ■ ■ x^n" , ^ = (^1, ■ • ■ , a2n) G {0, l}^" and Ja e C. 
The dimension of A2„ as a C-vectorspace is hence 2^". We consider a space with 
m bosonic variables Xi. The supervector x is defined as 

X = (-'^l, • • • ,Xm+2n) = {X,X) = (a;i, • • • ,Xm,Xi, ■ ■ ■ , X2n) ■ 

The commutation relations for the Grassmann algebra and the bosonic variables 
are captured in the relation XiXj — (— l)''l[-'lXjXi with [i] = if i < m and 
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[i] — 1 otherwise. The super-dimension is defined as M ~ ni ~ 2n. We consider a 
Riemannian superspace R™l^" with the orthosymplectic metric g defined as 

{5" = 1 l<i<m, 

g2i-l+n.,2i+m ^ _l/2 1 < i < Tl, 

g2i+mai^\+ra ^^12 1 < 1 < 71, 

g*^ = otherwise. 

We define — Xig^K The square of the 'radial coordinate' is given by 

m+2n m n 

j=i 1=1 j=i 

see [6]. The super gradient is defined by 
V = (dx^,- ■ ■ ,dx^+2^) 

From this expression and the metric we obtain the Laplace operator 

m+2n m n 

= (V, V) = ^ dx^dxk =Y.^l - 4^9.-,,_,a,,^-. 

k=l i=l j=l 

The super Euler operator is defined by 

m-\-2n m 2n 

k=l i=l j=l 

The operators iR^ /2 and E + M/2, generate the 0(2 Lie-algebra ([U]). In 

particular, the relation 

(2.1) [vV2,i?V2] = 2E-hM 
holds. The Laplace-Beltrami operator is defined as 

(2.2) Alb = i?V^-E(M-2 + E). 
The inner product of two supervectors x and y is given by 

m 1 ^ 

(2.3) (x, y) = ^ Xiyi - - Y{x2j-iy2j - X2jV2j-i) = (2. y) + V)- 

i=i j=i 

The commutation relations for two supervectors are determined by the relation 
XiYj ~ ( — l)['l[-'l YjXi. This implies that the inner product ()2.3p is symmetric, i.e. 
(x,y) = (y,x). 

The space of super polynomials is given hyV — M\xi , • • • , Xm\®^2n- The space of 
homogeneous polynomials of degree k is denoted by Vk and consists of the elements 
P € V which satisfy EP — kP. More general superfunctions can for instance be 
defined as functions with values in the Grassmann algebra, / : C K.™ — > A2n- 
They can always be expanded as / = '^y^^XAfA, with xa the basis of monomials 
for the Grassmann algebra and /a'-^C M™ — C. In general, for a function space 
T corresponding to the m bosonic variables (e.g. 5(M™), Lp(R™), C'^(J7)) we use 
the notation J>„|2n = ^ A2„. 

The null-solutions of the super Laplace operator are called harmonic super- 
functions. The space of all spherical harmonics of degree k is denoted by Hk = 
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Vk n ker . Equation ()2.2|) implies they are eigenfunctions of the Laplace-Behrami 
operator 

(2.4) AisHfe = -fc(fc + A/-2)-«fe. 

In the purely bosonic case we denote T-Lk by in the purely fermionic case by 
We have the following decomposition (see [TTI). 

Lemma 2.1 (Fischer decomposition). If M ^ — 2N, the space V decomposes as 
^ ~ ®fcLo ® j^o ™ — Oj then the decomposition is given by A2„ — 

In [10) the vector space T-Lk was decomposed into irreducible pieces under the 
action of SO{m) x 5*^(2^). 

Theorem 2.2 (Decomposition of T-Lk)- Under the action of SO{m) x Sp{2n) the 
space "Hk decomposes as 

inin(n,fc) min(n— j, [-^^^J ) 
j=0 1=0 

The polynomials fi^k-2i~-j,j are given by the formula 

f _^^2k-2s,2s fk\ jn-q-sy. T{f+p + k) 

' \sJnf+P+k-s) {n-q-ky. 

for < q < n and < k < n — q. They are, up to normalization, the unique 
polynomials of degree 2k such that fk,p,q'H^p ® Hq ^ and A{fk,p,q'Hp <E) "H^) = 0. 

In particular /o,p,g — 1 holds. 

The integration used on A2„ is the so-called Berezin integral (see [21 [11]), defined 

by 

(2-5) J^^n-d,^„...d,,^^Vf. 

On a general superspace, the integration is then defined by 

(2.6) / = / dV{x) f = f [ dV{x), 

with dV{x) the usual Lebesgue measure in K™. 

The supersphere is algebraically defined by the relation i?^ = 1, for m 7^ 0. 
The integration over the supersphere was introduced in [11) for polynomials and 
generalized to a broader class of functions in [4]. The integration for polynomials 
is uniquely defined (see [l0l|4]) by the following properties. 

Theorem 2.3. Form 7^ 0, the only (up to a multiplicative constant) linear func- 
tional T : V -^S. satisfying the following properties for all /(x) £ V: 

. T(i?V(x)) = r(/(x)) 

. T(/(A • x)) = r(/(x)), VA e SO{m) x Sp{2n) 
• k^l =^ TiUkUi) = 
is given by the Pizzetti integral 

I- °° ')ttM/2 
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The orthogonality condition on the supersphere can be made even stronger. 
Theorem 2.4. One has that 

kp,qnl®n{ ± f,,r.snl®ni, i.e. j (Ap,,h> ® h{) = o 

J ss 

with respect to the Pizzetti integral if and only if {i,p, q) ^ {j, r, s). 

This supersphere integration is a dimensional continuation of the bosonic Pizzetti 
formula. The Berezin integral can be connected with the supersphere integra- 
tion, again by dimensional continuation, see [4]. For M > and / a function in 
ii(IR")m|2n n C"(M'")„|2„, the foUowing relation holds 

(2.8) / /= r dvv^'-' [ f{vx). 
jr™|2" Jo jss,x 

In particular for Pk a polynomial of degree fc, one has 

(2.9) / P.exp(-i?2) = ir(^) / P.. 
Jr™|2" ^ ^ Jss 

We repeat the notions of symmetric, essentially self-adjoint and self-adjoint op- 
erators on Hilbert spaces (see [22]). 

Definition 2.5. Let O be a densely defined operator on a Hilbert space V with 
adjoint . O is called symmetric (or hermitian) if for the domains D(C') C D(C'^) 
and if 0(j> = O^cf) for all (f) e D(0). O is self-adjoint if it is symmetric and if 
0(0) = 0(0^). O is essentially self-adjoint if it is symmetric and its closure O is 
self-adjoint. 

There is an important criterion for essential self-adjointness ([7]). 

Lemma 2.6. If for a symmetric operator O on a Hilbert space V with domain 0{0) 
there exists a complete orthonormal set fj for V in D(0) for which Ofj = Xjfj, 
then O is essentially self-adjoint. 

For finite dimensional vector spaces the notions of symmetric and self-adjoint 
operator coincide. 

The orthosymplectic Lie superalgebra osp(m|2?i) is generated by the following 
differential operators (see [6l [27]) 

(2.10) L,, = x,dx. - (-i)M[J'ix,ax., 

for l<i<j<m-\- 2n. 

Schrodinger equations in superspace are equations of the type 

— —tP + V{x)^P = Ell) 

with wave function ■0 G L2{W^)m\2m tti6 potential V a superfunction and the energy 
E a complex number. Several authors have studied such equations. The (purely 
fermionic) harmonic oscillator was studied in |18| . Anharmonic extensions were 
studied in [T71 [TH [TS]. In [37], Zhang studied the hydrogen atom in superspace 
(or quantum Kepler problem) using Lie superalgebra techniques. Also the delta 
potential has been studied, see [9]. 

In this paper we will consider orthosymplectically invariant Schrodinger equa- 
tions, which means LijV = for all Theorem 3 in [6] implies that such 
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potentials are of the form V{R'^). Here, functions of the type V{R'^) are defined as 
follows: 



Definition 2.7. For a function h : K+ M., h ^ C"(M+), the superfunction 

^J=0 j 



with notation h(R^) is defined as h(R^) = X]?=o ^h^^\r'^) and is an element of 



C*'(R™)m|2„- 

When h is sufficiently smooth one has 

(2.11) V'^h{R^)Hk = m^h'^^\R^)Hu + {^k + 2M)h^^\R^)Hk, HkEHk 
and 

(2.12) [ALB,h{R^)]=0. 

The simplest orthosymplectically invariant quantum problem is the harmonic 
oscillator described by the Hamiltonian 



(2.13) H^-iR'-V')^J2 + E ^tK 



i=l i=l 



M 

Y 



with 



= + 2a^2.-i) Ki = W2i-i + 29^2.) 

the bosonic and fermionic creation and annihilation operators. When M ^ — 2N, 
the so-called spherical Hermite functions constitute a basis of eigenvectors of H 
for "P exp(— i?^/2), see the subsequent lemma In the purely bosonic case they 
give an alternative for the basis of cartesian Hermite functions, based on the 0(m)- 
invariance of the Hamiltonian of the harmonic oscillator. In superspace they are 
defined in [12] . For an overview of the different types of Hermite functions and 
their properties, see [S]. When M — 2N, they can be expressed as 



(2.14) </.,,fe,(x) = J—J^-^^Lf'''-\R')Hi!\^)cM-RV^), 



for j,k £N and I — 1, - ■ ■ , dim'Hk, with i/^'^ a basis of Hk and L" the generalized 
Laguerre polynomials which are defined as 



with {a)j = {a){a + 1) ■ • ■ {a + j — 1) the Pochhammer symbol. We denote C 

TU + k+f) 
2i! 

When M > 0, the case with M bosonic variables is a special case. We use the 
symbol y for the vector variable in M*^. The definition of Hermite functions then 
yields 



21 

T{j + k + fy 



(2.15) ^,^,Ay) = J ^,, , ,,, Ll^''-'{rl)H^Uy)eM-rl/2), 
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with Hflf, a bosonic spherical harmonic in M dimensions. For this case the space 
of spherical harmonics of degree k is denoted 'H\ m- 

In the purely bosonic case with m dimensions, we will denote the spherical 
Hermite functions by 0^ j. ; (x) , 



with -fffe^'^(x) G nl- The distinction between the functions ((2?T5]) and (|2TT6)) is 



(2.16) = y ^ ,_^^ Lj^'^-\r')Hl'"{x)eM-rV2), 



clearly artificial in some sense since m and M are both variables. The distinction 
will however be useful in the sequel as we will consider undetermined but fixed 
dimensions m and 2n (leading to a fixed M = m — 2n) . 

Since we will only use the spherical Hermite functions in this article we will 
simply call them the Hermite functions. For the sequel the following relations will 
be necessary, for proofs see [12]. 

Lemma 2.8. Let M > 0. Then the super Hermite functions satisfy 



(V^ + i?2 _ 2E - M)) 0,, fe,, = _4^/(j + l)(j + fc+— )0,+i,fc,j 



(V^ + i?2 + 2E + M)) 0,- fc., = -4^/j(i + ^+ Y-l)</'j-i,M 



The fermionic Gaussian function is given by the finite Taylor expansion exp(— 0^/2) 
J^j^oi^^y §rjj- If we consider a basis i?/^*^ of V.^, then the functions 

(2.17) cj^i^M) = ^s\{n-s-q)\Lr--\9^)Hf^'^ exp(-^^V2) 

with s — 0, . . . , n; q — 0, . . . , n — s and t — 1, . . . , dimH^, are the fermionic 
Hermite functions. They constitute a basis of A2„, see lemma 12.11 We denote 
q — l/\/s!(n — s — g)!. The analogue of lemma [2?8l can be found in fT2|. The 
following formula is important for the sequel, 

(2.18) {V} +e' + 2Ef - 2n)0f;^,, = s{n ^ s - q + 

The bosonic Hermite functions (|2.16p are orthogonal with respect to the L2{M."^)- 
inner product. The inner product for the fermionic Hermite functions is defined 
using the Hodge star map, see [5l IT6l [24]. 

Definition 2.9. The star map * maps monomials xa = a; . . . x^n" of degree k 
to monomials *x:a — ±2'^~"a?i[~"^ . . .Xj""^" of degree {2n — k) where the sign is 
chosen such that xa{*xa) — 2''^^xi . . . X2n- By linearity, * is extended to the whole 

o/ A2„. 

For i//'*^ e %{ and s + q <n, the following property is proven in [5], 



(2.19) * L«-"~i(6|2)ff/(*) exp(-6'V2) = (-l)"Lr"^^(6'^)^/'*' exp(-e'V2). 
Here, the transformation T : — )■ A2n is a linear transformation defined by 
X2i-i = X2i, X2i — ~X2i-i and ab — ba for a, 6 G A2ra. 
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If Hf E n(, then h{ G H(. Since clearly h{ = {-l^Hf we can always consider 
a basis {i?/^*^} (i = 1, . . . ,dimH^) of %{ such that i//^*^ = ii^i//^'^ 
Definition 2.10. T/ie inner product (■|-)a2„ : A2„ x A2„ — )■ C is given by 

TO^/i ~ the standard complex conjugation, f — /axa o,nd g = gAXA- 

With respect to the inner product (.|.)a2„ the adjoints of 6^, and Ey — n are 
given by 

(02)t = -V^, {W})^ = -e\ {Ef n)t = [Ef - n). 

This implies that the fermionic harmonic oscillator is hermitian with respect to 
this inner product. However, other symplectically invariant Hamiltonians will not 
be. This is as expected, as in |17j it was calculated that the eigenvalues for the 
Hamiltonian H = V'j — 6*^ + A6''* (with A real) can be complex. 

Now choose a basis {iJg *•*''} of such that 

(2.20) eM-OVm^'-'^^ exp(-^?V2))A.„ = 

Using property p.l9p we find that if Hq'^*'^^ and i?/^*^'' are eigenvectors of ~ with 
different eigenvalues they are orthogonal, so we can still find an orthogonal basis 
for for which the elements satisfy Hq = ±i'^Hq. From now on we assume we 
use such a basis. Theorem 4.16 in fS] proves the orthonormality of the fermionic 
Hermite functions. 

Tiieorem 2.11. The Hermite functions defined in equation \2.1'T^ are orthonormal 
with respect to the inner product (•|-)a2„- 

{<t)i,q.,M{,j^r)A2^ = Ssi3qjStr. 

The natural inner product on superspace is given by the direct product of the 
iy2(M'")-inner product and the inner product on the Grassmann algebra, see also 

mm- 

Definition 2.12. The inner product (-l-)!, -^2(]I^'")m|2n x i2(IK'")m|2n — > C is given 
by 

{f\g)i = I fi^g) = I {f\9)A,Jv{x) 

where the star map acts on A2„ as in definition \2.9\ or equation (|2.19l) and leaves 
the bosonic variables invariant. 

This inner product generates the topology of L2{M."^),-^^2n- For this Hilbert space 

(2.21) (i?2)t =r^ -\7j and (V^)^ = - 6^, 

so the harmonic oscillator (j2.13p is symmetric, but more general orthosymplectically 
invariant Hamiltonians will not be. Moreover, the super Hermite polynomials are 
not orthogonal with respect to this inner product, see example 5.3 in |5j. 

In [5] an inner product was constructed for which and are symmetric. It 
was shown that this construction could only be made in case M > 0, see theorem 
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5.15 in [5i. For the remainder of this article we hence always assume Af > 0, unless 
stated otherwise. The inner product (•|-)2 on 7'exp(— i?^/2), for which and 
are symmetric, is defined using the linear map T: exp(— _R^/2) V exp{—R^ /2), 
defined by 

(2.22) T [R^^ fk,p,,H'pHf exp(-i?V2)] - {-if R^^ h,p,qHlHl exp(-i?V2), 
with fk,p,q the polynomials determined in theorem 12.21 

Theorem 2.13. When M > 0, the product {-l-) 2, Pexp(-i?2/2)xPexp(-i?V2) ^ 
C given by 

{f\9)2 = / mv) 



is an inner product. One has {R'^Y = R^ and (V^)^ = V^. 

Proof. See theorem 5.11 and lemma 5.15 in [5 . □ 

The results of lemma 5.6 and 5.9 of |5j are summarized in the following lemma. 

Lemma 2.14. Take {Hp^''^} (1 = 1,..., dimT-Lp) to he an orthonormal basis for Tip 
satisfying 



(2.23) / H(,^^\04''\0dai0^Sij,. 



Take {'Hg*'*''} (t = I, . . . ,dim'H^) the orthonormal basis of fermionic spherical har- 
monics of degree q in equation (j2.20p . For fk,p,q o,s defined in theorem \2.2\ the 
following relation holds, 

fi ffHh) TTfiti) f fjbih) fTf(t2) _ h, I * 

Jk,p,qJ^J^p ^J^q Jk.p.qJ^J^p J^J^q — V J "fe,p,g"K.p.g"lil2"tl*2 > 

ISS 

With a,. - r(M/2+p+g+2fc-i) ^ 

WlUl ak,p,q — Y'{M/2+p+q+k-l) 

(2.24) bk,p,q = f r^^fk,p,qHl^'^Hl('^Hf^'^Hf^') 

Jss 

k\ r{f+p + k) 



T{2k+ f +p + q) {n-q-k)\ ' 
Then, the basis for % given by 

TT{r[k,p,q,l,t]) _ Jk.p.qJ^p tlq 

"-2k+p+q ~ I 7 

\ ^k,p,q^k,p,q 

with k,p,q,l,t eN,0<k<n,0<q<n-k,l<l< dim-Hp andl<t< dimH{ 
and r[k,p,q,l,t], for 2k+p + q fixed, an injective map onto {1, • • • , dim'H2fc+p+g}, 
satisfies the relation 

(2.25) (i/f exp(-i?V2)|fff ^ exp(-i?V2))2 - 5,,-^^^ + k). 

The super Hermite functions are then orthogonal with respect to the inner prod- 
uct (•|-)2, see theorem 5.13 in [5j. 

Theorem 2.15. The set of functions {4>j^k,i} in formula (|2.14p with the basis of 
spherical harmonics in formula (|2.25p forms an orthonormal basis for V exp{— R^ / 2) 
with respect to the inner product (■|-)2; 

(2.26) {4'j,k,l\4>i,s,r)2 = SjiSksSlr- 
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Finally, the super Fourier transform on 5(R™) (g) A2n was introduced in [8] as 
(2.27) -^;J;|2„(/(x))(y) = (27r)-*^/2 / exp(±z(x,2/))/(x). 



This yields an 0(m) x S'p(2n)-invariant generalization of the purely bosonic Fourier 
transform. The super Hermite functions are the eigenvectors of this Fourier trans- 
form, i.e. 

(2.28) J-±|2„(0,,fc,/(x))(y) = exp(±z(2j + fc)|)0,- ,.,Ky). 

The Fourier transform can be immediately generalized to L2{K'^)m.\2n and iS'(K™)c><) 
^2n (with iS'(R™) the space of tempered distributions) since 
An important property of the super Fourier transform is 

(2-29) R'^ll2nifK^) = --^™|2„(V^/)(X). 

3. The super Hermite functions and the product basis. 

In this technical section we calculate how the super Hermite functions can be 
expanded in the basis consisting of products of the bosonic and fermionic Hermite 
functions. We take 2 fixed integers m and n satisfying M = m — 2n > 0. We 
consider the (■|-)2 orthonormal basis of super Hermite functions for T' exp(— i?^/2) 
on using the spherical harmonics in lemma [2. 141 



(3.1) 



f^^^^^^m^m exp(-i?V2) 



The Hermite functions on M™ and in A2„ are denoted by 4>irii and 4>{ „ t- The 



product basis Wlpjcj^i^g^t} of "P exp(-i?V2) is orthonormal with respect to (-I-)! 
since {(f>ip ;} is an orthonormal basis for the L2(K™)-inner product and {(/>{ q t} is 
an orthonormal basis for the A2„-inner product (theorem 12.111) . The coefficients 
of an i2(IR™)m|2n function / (so in particular for an iS(R™),„|2„ function) with 
respect to this basis are calculated by 

{<Pt.p.l(l^i,q,t\f)l = {<l>ipA\{(l^i,q,t\f)A2jL2(R'^)- 

Since the bosonic and fermionic Hermite functions are eigenvectors of the bosonic 
and fermionic harmonic oscillator, the following relation holds, 

(3.2) -(i?2 - V^)q^lp^,q^i^^, ^ (2z + p + 2s + g + —^^ ^cj^i^^^^. 

We start to calculate the coefficients corresponding to the change of basis between 
the product basis and the super Hermite functions. Most of these coefficients are 
zero. 

Lemma 3.1. For the product basis p li'i q t) ; with i,p, s,q G N and s + q < n 
and the basis in equation iS.l]) . {4>j^k,p,q,i,t} with j,k G N and k < n — q, the 
following relation holds 

min(n— g,j+/c) 

(3-3) 4>j,k,p.,q.,l,t = ^ Olj,k,p,q,s(l)''j+k~s,p,l4>{,q,t 

s=0 
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min(n— q.z+s) 

(3-4) 'Pi,p,l4>i,q,t = X! Pi,s,p,q,k4>i+s-k,k,p,q,l,t 

k=0 

forsomereal coefficients aj^k,p,q,s and Pi^s,p,q,k with aj,k,p,q.s {-'^Y^'' P]+k-s,s,p,q,k- 

Proof. Both the sets {(j)j.k.p,q,i,t} and {0j',.i/^p'/'{ 5 ^} constitute a basis for 'P exp(— i?^/2). 
Therefore each (l)j,k,p,q,i,t can be expressed as a hnear combination of elements of 
the set {(/)|^ ^ p(/){ ^ ^} and vice versa. The decomposition of the Grassmann algebra 
in lemma \n] implies that q = 6 and t = j are necessary conditions for the coeffi- 
cients not to be zero. The coefficients a can be calculated using the inner product 
for which the product basis is orthonormal. The bosonic integration implies 
that for this to be different from zero the coefficients must satisfy p — v and / = p. 
Since the Hamiltonian for the harmonic oscillator is hermitian with respect to (•|-}i 
another necessary condition is 2j + 2k + p + q = 2fi + + 2\ + 5 which leads to 
j + k — ^ + X. 

From these considerations the proposed summation is obtained. In order to find 
the relation between aj^k.p.q,s and Pj^s,p,q,k we calculate (we omit the coefficients t 
and / as they are not important) 

aj,k,p,q,s = {4'j,k,p,q,l,t\4''j+k-s,p,l4>{,q,t)l = 

(3.5) 

Ll^''^'+'-\R')fk,p,qH^pHfL%Z:\r^)K(-^^^ 

II^"'^" Cj^2k+p+q \J^k,p,q bk,p,q Cj+k-s,p Cs,q 



Lj^Xr,\r^)HlLr-'He')HfLj+'''-'^'^-\R') fk.p.gH^pRf exp(-j?^) 

Cj+A:-s,p C/.g Cjf2k+p+q \/'^k,p,q bk,p,q 



= (-1)' ^{4>]+k-s,p,l4>i,q,M3,k,p,q,l,t)2 = (-1)' ^ I3j+k-s,s,p,q,k 

which concludes the proof. □ 

It is our aim to show that the coefficients a and /3 satisfy a polynomial bound. 
This will be useful to construct extensions of the space on which we can define (•|-}2 
and to study the corresponding Hilbert space. First we need the following lemmas. 

Lemma 3.2. For Hj e Hj and P e V of the form P = J^j^^ Pi with EPi = IPi, 
the following relation holds, 

f H,PeM-R') = In^+J) I H,P 
JR'"|2" ^ ^ Jss 



12 



KEVIN COULEMBIER AND HENDRIK DE BIE 



Proof. The Fischer decomposition in lemma [^?T] imphes Pi = X]j=o^ -^i~2j with 
Hl_2j G 'Hi-2j- Applying equation (|2.9p and the properties in theorem |2 . 31 yields 



2 

(=0 



ss 



1 AT f 

which proves the lemma. □ 

Lemma 3.3. For all to, n, k,p, q, s G N with s > 0, n~s — q > and M = m — 2n > 
and for X = ^Jlj s{n + 1) there exists an N(n, q, s) G N depending on n, q and s 
for which 



j + k-sj+p + k-s + ^-1 s(n-s-q+l) \fj-^ 



VV j + 2k+p + q+f-l ^ jij + 2k+p + q+f-l) 

when j > N . 

Proof. The left-hand side is smaller than 



-g-23+2 



^ , k-s\ / ^ n-s-k-q \ / ^-^-2^+2 ^ jsin-s-q+l) 



which can be expanded in 



V n + 1 J 

Since (1 — y^^^^f^) > 0, there exists an iV(n, g, s) G N, such that this expression 
is smaller than 1 for j > N. □ 

Theorem 3.4. There exists a constant C > 0, independent of {j,k,p,q, s), such 
that for the a introduced in lemma \3.1l the relation 



holds for all j, k, p,q, s. 

Proof. First we calculate ao.k.p.q.s starting from equation p.Sp using lemma 
with H2k+p+q - fKp.qHlHl and P = Lj^r\r^)Hl{-lY Llr^-\e^)Hl , 

ao,k,p,q,s - ^ . 

(_l)fe-sr(f + 2A;+p + g) /• fk,p,qHlHlr^^-^^e^^HlHl 
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Using the first property in theorem [231 lemma [3^ and equation ()2.24|) then yields 



= (-1) 



2{k-.s)\s\ Jss V<'k,p.,,bk,p,,Cr-s,pCL 
r{f + 2k + p + q) f r^^fk,p,,H'pHfH'pHf 



2{k - s)lsl Jss C^%,+p+, V«fc.P,9^'o,P.9Cr-.,pC4 
feiyf + 2fc + p + g) bkj^ 



fc\ r(f +p + /c) r(f + 9 + {n-q-sy. 



sjT{f+p + k-s) T{M. +p + q + 2k-l){n-q-ky. 



Because k,q and s are bounded (by n) there exists a constant C* such that 



for all k,p,q,s. Using lemma [Z!8l and the properties (|2.21l) of (-I-)! we calculate, 



M 
2" 



"i\ j{j + 2k + p + q+ — - l)aj^k,p,q,s 



Applying lemma [2781 now for the purely bosonic case and equation (|2.18p . yields 



_ j U + k-.s)ij+k-s+p+f-l) 



s(n — ,s — (7 + 1) 

M 7T'^j-i,k,p,q,s-l- 



^ jij + 2k+p + q+f-l) 
For s = this immediately yields 



+ r{j + k + p + ^)r(2fc + p + g + f ) 
V J Jr{k + p + f 

So there are constants Cq and Cg such that 



|aj,fc,p,9,o| < C^\/jfe(j+j5)»-'?-V+'?-"l«o,fc,p,9,o| 

< CqC* p)n-q-kpk+q-n ,J~k 

since k < n ~ q, for all j, fc, p, Now we take A^* (n), the well-defined maximum of 
a finite set of N(n, q, s) from lemma [ 



N* (n) ~ max N{n,q,s). 

s>l,q\s+q<~n 
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For each s, 1 < s < n we define Cs as 



Cs = max •\/ s{n + 1) Cg-i, sup 



n—q—2s+2j.s — k 



\ j<N*,k,p,q y^-'-Sf-^^-r^po 

The supremum is well-defined since k and q are bounded and because of the recur- 
sion relation (j3.6p . In particular the relation 



\aj,k.p.q.s\ < CsVr-^-^'+^P'-'' for J < N*in) 



holds. Now we can prove that \aj^k,p,q,s\ < Cs\/ j" ^ 2s+2ps k holds for all j. We 
do this by induction on j for j > N*{n). If it holds for j — I, then 



JU +2fc+p + 9+ f- - 1) 



^ ^ ' / _ . I { A A \n—q—2s+2^s~k 



j{j + 2k+p + q+f-l) 



Hj+fc-^)(j+fc-5+P+f -1) 

j(j+2fc+p + g+f -1) 



s{n — s — q + 1) 
W 



+ j{j + 2k + p + q+f-l) 



^^n—q—2s-\-2pS — k 



by lemma [575] So we obtain the theorem for C = C„. □ 

Since q > and s < n this result implies \aj^k,p,q,s\ < C(j + for all 

(j, k,p, q, s). This leads to the following corollary. 

Corollary 3.5. There exists a constant D > such that for the a and /? introduced 
in lemmalSJ] 



\aj,k,p,q,s\ < D^{2j + 2k+p + q + iy'+^ 

and 



\P^,s,p,qM < D^{2t + 2s + p + q+l)"+^ 
holds for all i, j,k,p,q, s. The constant D is independent of i, j,k,p,q, s. 

From this corollary we immediately obtain the following lemma. 
Lemma 3.6. // a function f £ i2(IR™)m|2n can be expanded as 

dj,k,p,q,Lt4'j,k,p,qU,t and as ^ (^i,P,Ls,q,t(j)\^p^l4>i,q,t 

j,k,p^q^l,t i,p,l,s,q,t 

in the L2(]R™) ® -topology, then 

\c^,pA,s,q,t\<nD{2^ + 2s+p + q+l)"^'^^ max \dj^k,p,qd,t\ 

j.k\j-\-k—i-\-s 

and 

\dj,k,p,q,i,t\ < nD {2j ^ 2k + p -\- q -\- 1) max \ci^p^i^s,q,t\- 

i,s\i-\-s—j-\-k 
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4. Extension of T and (•|-)2 

The space ]R[xi, . . . ,Xm] exp(-r^/2) is dense in L2(K™) and 5(M'"). So we can 
try to extend the inner product (•|-)2 to the spaces L2(R™) ®^2n and iS(]R'™) (g) A2„ 
via Hahn-Banach. For L2{W^)m\2n this does not work because it can be proven 
that (•|-}2 is not continuous with respect to the L2 topology. For the Schwartz 
space, 5(R'")„i|2„, the same question wiU be answered positively. This is the main 
topic of this section. 

4.1. Extension to i2(K'")m|2n- 

We prove that (•|-)2 cannot be extended to i2(K™)m|2n- 

Theorem 4.1. The bilinear product (•|-)2 on 7-" exp(— i?^/2) cannot he continuously 
extended to L2(M'"),„|2n- 

Proof. Consider the function 



i=0 



°° 1 ''1 

y]-'/'i,o,ife)'?^o,o,i(£) = 1™ y]-'/'i,o,ife)'?^o,o,ife') 

z — / 7 ' ' ' ' r— >-oo ^ — ' I 

i=0 i=0 

lim /,.(x) 



The function /(x) is clearly an element of L2(IR™) <8) ^2n and /r(x) is an element 
of exp(— i?^/2). Now we calculate 



{fr\fr)2 = E ^«0,i<0.ll'^?,0,i<0,l) 
1 

= H 72('^^o,i<^o,o,il'^i,o,i'^o,oa)2 



i=0 

The second equality follows from the hermiticity of the harmonic oscillator and 
equation p.2p . Formula p.4p and the fact that {4>j^k,i} is (■|-}2-orthonormal yields 

min(n,z) 

('/'^0,l'^0,0,ll'^«,0,l'?^0,0,l)2 = A,0.0,0,fe('^»-fc,fc,0,0,l,l|'/'to,l'^0,0,l)2 

min(n,i) 

= ^ |A,0,0,0,feP 
A;=0 

> lA, 0,0,0, Op = |Q:i,0,0,0,ol^ 

r(z + f)r(f)^ r(f) 
r(z + f)r(f)- r(f) 

where we used equation p.7p in the last equality. This implies 

2 i 

SO \iuir~^oo{fr\fr)2 diverges and (■|-)2 cannot be extended to L2(R'")m|2n- O 
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4.2. Spherical Hermite representation for the super Schwartz space. 

The Schwartz space is the space of infinitely differentiable, rapidly decreasing 

functions. This means that | |ai— |oo is finite for all multi- indices a, /? when 

/ e 5(M'"). The topology on 5(8™) is defined by the family of norms 1 |oo- 
It can be proven that this family of norms is equivalent with (generates the same 

topology as) the family of norms cfe;- ||l2(R'")i see [22]. Another family of norms 
which generates the topology of the Schwartz space iS(]R™) is given by 

(4.1) l|-|l^=ll(iV + l)^-|lL.(E"-) V^eN", 

with A^,; a,fa~ (see formula ()2. 131) 1 and 1 = (I,-'' A)- This leads to the so-called 
Hermite-representation (or N-representation) theorem for the Schwartz space (see 
[251 [55]). Using this, it is not difficult to find another equivalent family of norms. 

Lemma 4.2. The family of norms || • H^g on S{W^), as defined in equation j| ), 
is equivalent to the family of norms \ \ ■ \ \r (r ^N) 

m 

||-|k = ||(iv'' + i)'-.|U,(K™), n'> = J2n,. 

Proof This follows from the inequalities || • ||^ < || • ||^|^| and || • ||^ < || • H^^. □ 

For / e 5(R™) and Cj^k,i — {4>].k.i\f) L2{m."^)-, the hermiticity of implies 
((^^ fc + 1)'^/)l2(M") — (2i + fc + ^Ycj^k.i- Consequently, the norms in lemma 
14.21 are given explicitly by 

(4.2) \\f\\l^Y.^2j + k + ir\c,,k,i?. 

Recall that the Schwartz space in superspace is defined as 5(]R'")m|2„ = 5(M™)(8) 
A2„, see [8j. The natural topology on this space is the product topology of iS(R™) 
and A2„. From the definition of the topology, fk ^5(R'")„|2„ / is equivalent with 

fjf^ — i'5(R'") /^■'^ with /fc"'''sj — fk for an arbitrary basis of the finite- 

dimensional vector space A2„. We choose for {ej} the basis {^f^^^t}, which is or- 
thonormal with respect to the inner product (• | •) A2„ . We hence obtain the following 
lemma. 

Lemma 4.3. The topology on iS(M™)„j|2„ is generated by the family of norms 

II . \ \r{s,q,t) — I K^f.g.f |.)a2„ I |r r, s, q, t G N with s + q < n and t < dim?^^, 
with II . \ \r the norms on iS(R™) in lemma 

Now we start to construct the spherical Hermite representation theorem on su- 
perspace. 

Lemma 4.4. The family of norms \ \ ■ \ \* (r e N) on 5(M™)m|2„, 

II . ii; - ^{{N + iY-\{N + iY.u 

with N = N'' + X]i=i b^b^ ! see equation S2.13\) . is equivalent with the family of 
norms in lemma 
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Proof. For an / £ S{W^)m\2n we use equation ()4.2|) to calculate 

i,p,l 

< E Y.(2^+p + 2.s' + q' + ir\{cj^l^^,cl^i,^^,^,\f)i\' 

s' ,q' ,t' i,p,l 

= i((^+ir<p,^<^f',,',*'i/)ip 

s' ,q' .t' ,i.'p.l 

= ll/ir- 

In this calculation we used that N = H — M/2 and hence symmetric as H is 
symmetric on the Hilbert space L2(R™) (with inner product (-I-):)- 
To complete the proof we also calculate 

= E P,')(2«)'EE(2*+^'+i)"'"K<P.^<,.*i/)ii' 

t=0 ^ ^ s,q,ti,p,l 

< Y P;)(2n)*5:5:(2z+p+i)2n«p,z<,,i/)ir 

t=0 ^ ^ s,q,ti,p,l 

= (l + 2n)2'-^||/||2(.,g,t), 

where the last sum q t finite. So we find that limfc_>.oo I I/I 9, ^ — for 
every (r, s, g, i) is equivalent with lim^-yoo I |/fc I lr ~ foi' every r. □ 

If / is an element of 5(E"),„|2„ and Ci^p,i,s,q,t = {4>Xp,i<t>i,q,t\f)i^ then in the 
exact same way as equation (|4.2p we obtain 

(4.3) ||/||;2= (2i + 25+p + g+l)2'-|c.,p,,,,,,tr 

i,p,/,s,q,f 

In the following we define a new set of norms on iS(R™)m|2n, again with notation 
II • II,. like the norms on iS(R'"). This should not lead to confusion because they act 
on different spaces. 

Theorem 4.5. /// is an element of S{W^)m\2n (^nd 

E dj^k,p,q,Lt(t'j,k,p,qA,t =L2(R™)™|2„ /' 
j,k,p,q,Lt 

then the family of norms {\ \ ■ \ \r}, defined by 

WfWl^ Y i2j+ 2k +p + q+ If ^\d,,k,p,q,l,t\^ 
j,k,p,q,l,t 

is equivalent with the family of norms in lemma \^^\ and thus generates the topology 
o/iS(R™)„|2„. 
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Proof. From lemma [3T6l we obtain with Ci^pj^s,q,t ~ {(j>\„ i<l>i „ t|/}i 



\c^,p,l,s^qA'^ < D^n^{2\+p + q+ 1)"-+^ max ^\dj^k,p,qj,t\ 



jMj+k=x 

i,s\i+s—X 

j,k\J+k=X 

Thisleadsto||/||2 <„3^2||^||*^^^^ and similarly < n3i?2||j||2^^^^ . □ 



Although this theorem, or the subsequent corollary |4]6] appears to be very similar 
to the bosonic result in lemma |4?2] and equation (|4.2p it is highly non-trivial. Con- 
trary to the bosonic case, the Hermite functions in superspace are not orthogonal 
with respect to the inner product (-I-)! which defines the topology on _L2(R™)®A2„. 

Corollary 4.6. (Spherical Hermite representation for S{W"^)„i\2n) 

Let f be an element o/iS(R"') ® A2„ with M > which can be expanded as 

aj,k,l<Pj,k,l 

3,k,l 

in the topology o/L2(R"') ® A2„ for satisfying equation (|2.25p . The family 

of norms {|| • ||.r|r G N} defined in theorem \4-.5\ satisfy the relation 

Proof If{Hj!^ is a basis of spherical harmonics is of the form fi.p.qHp^ Hq^^ then 
the corollary follows from theorem 14.51 Now we consider a general basis {i?^'"*} 
satisfying equation (I2.25P and a fixed basis of the form fi.p.qHp^ Hq*^ satisfying 
equation (|2.25p which we denote by Hf^^\ The corresponding Hermite functions 
are denoted respectively by 4'j^k,i and (j^'j ki- 

The basis transformation 4>j^k,i — J2i '^n4>'j k t satisfies QtCst — Sis since both 
the bases satisfy p.25p . If / = J2j,k,i^3.k,i<t'j,k,i then / = Y.j.,k,i,t°'j,k,icit4''j^k,v so 

11/11' = ElEw;tP(2j + fc + l)''- 

j,k,t I 
3,k.l 

which proves the lemma. □ 
4.3. Extension to 5(M™)™|2„. 

The inner product (•|-)2 can be extended to the super Schwartz space. 

Definition 4.7. Let f and g be elements o/ iS(]R™)m|2n- Let {fi)i£ti and (5s)seN 
be sequences in 'P exp(— i?^/2) for which liuii^oo fi — f and lims_j.oo /s — f in 
'5(M'")m|2n> then {f\g)2 is defined by 

(/l.9)2 = . hm {fi\gs)2- 

The following lemma proves this is well-defined. 

Lemma 4.8. The expression for {f\g)2 in definition \4-7\ is finite and independent 
from the choice of the sequences fi and gs- 
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Proof. Since fi and gs are elements of "P exp(— i?^/2) they have (finite) expansions 
fi = Yl °'],k,i't>],k-i and gs = Y^ blkAj^k,i- 

j,k,l j,k,l 

Theorem 12. 151 and definition 14.71 then yield 



{f\9)2 = . lim a) k M 



Since 5(IR™)m|2n-convergence implies convergence of the || • ||o-norm in corollary 
4.61 it is easily checked that this expression is finite and does not depend on the 
choice of the sequences. □ 



This implies that the family of norms on iS(M™),„|2„ in corollary 14.61 can be ex- 
pressed using the (•|-)2-inner product. Using the orthogonality of the super Hermite 
functions and the hermiticity of N we obtain 

(4.4) ||.l|^ = ((iV+l)'-.|(7V + l)'-.)2. 

In the following we prove that the inner product in definition 14.71 is still given 
by an expression similar to the one in theorem 12.131 

Theorem 4.9. The map T : "P exp(-i?2/2) P exp(-i?2/2) in formula ([2^ is 
continuous with respect to the topology on S{^"^)^\2n O'nd therefore has a unique 
extension to iS(M'"),„|2ri- 

Proof. Since we use a basis of such that Hq^'^^ — ±i''Hq^^^ we find that the 
orthonormal basis of super Hermite functions {(t>j^k,i} consists of eigenvectors of T 
with eigenvalues ±1 and ±z. This implies that for / e "P exp(— i?^/2) expanded as 
the (finite) summation 

/ ^ dj.k,i4'j.k.,h 

j-k.l 

the action of T is given by 

T{f) = dj^k,l^j.k.l(f>j,k,h 
j-k.l 



'],kM^ 



This means that limj_j.oo /j — implies limj_>.oo ^(/j) = for S convergence in 
Pexp(-i?V2). □ 

Definition 4.10. The linear operator T on iS(M"')„j|2„ is defined on f e iS(M™)„|2„ 
as 

T{f) = hm r(/fe), 

A;— )-oo 



with |Aj,fc,/| = 1- Using corollary 14.61 we find 



j,k,l 

|2 



with fk ^^^(R^^^ia™ / fk e Pexp(-i?2/2). 
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The fact that T{f) does not depend on the ehoice of {fk} foUows immediately 
from theorem 14.91 Now we can write the inner product in definition 14.71 as an 
integral, 

{f\g)2 = . lim / /,r(g,) = / / lim r(g,) 

= / mg). 

The limits can be brought into the integration as — > / and — > g in 
'5(M™),„|2„ clearly implies that f.g^ fg in Li(E") (g) A2„. 



5. The L2 Hilbert space in superspace 

To study quantum mechanics on superspace (see [TH [271 ISl HZ]) properly, an 
inner product and a corresponding Hilbert space are necessary. As we would like 
orthosymplectically invariant Hamiltonians (like in [T^ [571 [51) to be symmetric, 
and should be symmetric. As a consequence of formula (|2.1I) this implies that 
E + M/2 is skew-symmetric. So the realization of 5(2 by iR^/2, and E + M/2 

is skew-symmetric. It was shown in theorem 5.15 in [Sj that such an inner product 
can only exist when M > 0, which is therefore the case we will consider in this 
section. In the general case (no restriction on M) there is the inner product (-I-)!, 
corresponding to the Hilbert space L2(M'") (g) A2n = L2(R'")m|2n- 

The space of continuous linear functionals on the Schwartz space in superspace 
is easily seen to be 

(>S(K'") g) A2„)' = 5'(R'") ® A'2„ ^ 5'(R'") A2„ 

with iS'(IR'") the classical dual of the Schwartz space, the space of tempered distri- 
butions. So we obtain the rigged Hilbert space (T) or Gelfand triple 

<S(M™) g) A2„ C L2(K'") ® A2„ C 5'(M'") ® A2„. 

Unfortunately, is not symmetric with respect to (-I-)! and there also are other 
undesirable properties, see the discussion in [5 . 

The inner product (•|-)2 in theorem 12.131 satisfies the desired properties. The 
Hilbert space corresponding to (•|-)2 will contain generalized functions. To prove 
that this is not a limitation of the (■|-}2-inner product we will show that this prop- 
erty must hold for every suitable Hilbert space. Therefore we will start by consid- 
ering an arbitrary inner product (•!•) on which we will impose some straightforward 
conditions. 

For an arbitrary Hilbert space in case M > for which R^ and are symmetric 
we consider the harmonic oscillator in superspace. The Hermite functions in formula 
(12.141) are its eigenvectors (lemma 12. 8p and should be a basis for the Hilbert space. 
The space of finite linear combinations of super Hermite functions corresponds to 
■p exp(— i?^/2). Now we consider a general inner product (-j-) on V exp{—R^ /2) for 
which R^ and are symmetric operators. From the properties in lemma [2781 we 
find that for any such inner product (-I-), the relation 



{(Pj.kd\(Pp,q,r) - Y ^{^^ M {'Pj-l,k,l\(Pp-l,q,r) 
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holds. This huphes {<pj.k,i\'Pp,q,r) = unless j = p and fc = so we find 

{4>j,k-l\4>p,q,r) — ^jpSkq{4'0,k,l\4'0,k,r)- 

Then, by definition, the corresponding Hilbert space V(.|.) is the closure of 
■pexp(— i?^/2) with respect to the topology induced on 7'exp(— i?^/2) by (•!•). We 
consider the 'superfunction' determined by its formal series expansion 

oo 

/(x) = ^aj(j)j^o,i{^), 

3=0 

with Qj G C. The Hermite functions (/)j.o,i are given by 



Such a 'function' /(x) will belong to the Hilbert space V(.|.) if and only if there 
exists a sequence of elements of 7-'exp(— _R^/2) which converges to /(x) in the (-l-)- 
topology. If / belongs to the Hilbert space, then (/|/) — (0o,o,i l'^o,o,i) Sjlo ^ 
oo must hold. This condition is necessary and sufficient. When J2^q |ajP < oo an 
example of such a sequence is given by the partial sums 

fe 

/fe(x) = ^aj^j^oaW- 
Now we consider the special case of the Euclidean space R*^ with M bosonic 
variables, so for y G M^^ and 0j,o,i(?/) as defined in equation (|2.14p or (I2.15p . Since 
the Hermite functions are an orthonormal basis for the Hilbert space L2{M.^^), we 
find that the condition of J^^o I'^j l^ ^ '-^ equal to demanding that 

oo 

fiy) = y^aj^j^oaly) = lim fk{y) 

— ^ — ^ — /c— >oo — 

j=0 

is a function in L2(K*^). The (f>jfi^i{y) are radial functions, so we define hk by 
fk{y) = hk{rl) and 

lim hkir^) = h{r^) in L2{M.+ ,r^'-^clr) 

fc— f oo 

holds. It is clear that /^(x) — hk{E?) with hi,{R^) immediately defined as a 
polynomial in or as in definition 12.71 

Now in general h{r^) will not be a differcntiable function which means that h'^ir"^) 
will not converge. So /(x) will only be a formal summation or h{R^) is defined by 
definition 12.71 in the weak sense (as we will see as an element of (8> A2„). 

From these considerations we already find the following important fact. 

Proposition 5.1. Every Hilbert space which contains the eigenvectors of the quan- 
tum harmonic oscillator on M™l^", with n ^ 0, and for which R^ and are 
symmetric operators will contain formal summations which are not regular func- 
tions. 

The inner product (-I-) 2 in theorem 12.131 is an inner product with the desired 
properties and is the inner product we will use to construct the Hilbert space. Con- 
sider the bosonic harmonic oscillator. The function spaces R[a;i , • • • , Xm] exp(— r^/2) 
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and 5(R™) respectively contain states with finite energy and states with an infin- 
itely small admixture of infinite energy states. The Hilbert space L2(R™) also 
contains unphysical infinite energy states, see j^. In that sense the L2{M.™)-space 
is nothing more than the mathematical completion of the Schwartz space with re- 
spect to the topology induced by the _L2(IR.'")-inner product. Now, in superspace, 
this completion will not correspond to i2(M'")m|2n7 but to a new Hilbert space 
which we will denote as L2(M™I^"). 

Definition 5.2. The Hilbert space L2(IR.™'^") is the space of formal series 

j,k,l 

with aj^k.i G C and fe / I'^i.fe.'P °° '^"■'^ 'i'j.k.i defined in equation (|2.14p with 
the basis {Hj!^} satisfying equation (|2.25p . The inner product between the elements 
represented by the sequences {aj^k,i) o,nd (bj^k,i) is given by 

(/l.9)2 = XI "^■'^■'^J^'^^'- 

j,k,l 

In case n = Q this corresponds to the Hilbert space L2{M.™'). 

Remark 5.3. The Hilbert space L2(M™'^") is a space of superfunctions with an 
inner product. This differs from the theory of so-called super Hilbert spaces (see 
e.g. [24] ) where one considers a Grassmann-valued inner product. 

Corollary 14.61 implies that the super Schwartz space iS(M™),„|2ri is included in 
the Hilbert space L2(R™|2"). The proof of theorem O] shows that L2(K™)m|2n is 
not included in this Hilbert space. Now we show that all elements of the Hilbert 
space, although not necessary regular functions, are tempered distributions. 

Lemma 5.4. Generalized functions f of the form 

aj,k,i(f>j,kA with X |ai,fc,/P < oo 

J,kU j,kU 

are elements of the space S'{W") ® A2„ and therefore are derivatives of (almost 
everywhere) continuous functions with polynomial growth. 

Proof. It is well-known that elements of iS'(R™) are derivatives of (almost every- 
where) continuous functions with polynomial growth, (see e.g. [25l |26]). The 
sequence aj^k,i is clearly bounded, so there exists a constant C such that 

\aj,k,i\ < C. 

We can express / in the product basis 4>\pi4>i qt with purely bosonic and fermionic 
Hermite functions. 

Lemma 13.61 implies there exists a constant C* for which 

|c.,p,M,,,tp <C*(2z+p+l)"+2 

for all i,p,l,s,q,t with C* = n^D^ ("+^) (2nyc2. This lemma can be used 

although / is not in L2(IR™)m|2n by using the partial sums of /, which are in 
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7'exp(-i?V2). Now take a general g^x) = Y.^,p,l'^^,pAXp,l ^ 5(M'"). The formal 
expression 

2 



/ y^c^,p,i,s,q,t(l)\,p,i{x) g{x)dV{x) 



>,l\ 



i,p,l 

< ^c*(2z+p+ir+2|d,,p,ii^ 

i,p,l 

= C*\\gml+2 

shows that the series ^ ; Ci^p^i^s,q,t(t>i p lisi) converges to a continuous linear func- 
tional on 5(R'"), which implies / G ^''(R'") Az^. □ 

The previous lemma implies that we obtain the Gelfand triple ([3]) 

5(R") «) A2„ c L2(R"|2") c 5'(R") ® A2„. 

By definition of the weak topology on iS'(R™) we find the following lemma. 

Liemma 5.5. For / e L2(M™|2") defined by the sequence {aj^k,i), the following 
relation holds 

aj,k,i = / fT{(l)j^k,i) 

where J^m\2n fT{(f>j,k.i) denotes the action of the tempered distribution f with values 
m A2n on T(0j- fe,j) e 5(R'») ® A2„. 

The action of the derivatives and multiplication with variables on elements of 
the Hilbert space is already defined, as it is defined on 5'(R'") (8> A2n. 

Definition 5.6. The action of elements of the algebra Alg(Xi,dxj) generated by 
the variables and derivatives on elements o/iS'(R™)® A2„ is defined by the following 
rules: 

• left multiplication with Xi and the derivation d^^ on 5'(R'") A2n commute 
with iS'(R'") and are defined on A2n in the standard way, 

• left multiplication with Xi and the derivation d^^ on iS'(R™)0A2„ commute 
with A2„ and are defined on 5'(R™) in the standard way: for f G iS'(R'") 
and g £ 5(R"), 

ix,f)gdVix) = / f{x,g)dV{x) and [ (d^J)gdV{x) = - [ f{d^,g)dV{x). 

JR™ Jr™ jRm 

Definition 5.7. Consider an O e Alg{X^,dx,)- The elements f e L2(R"|2") for 
which Of, as defined in definition \5.6\ satisfu Of G L2(R™'^"), are said to be in 
the domain B{0) of O. 

The action of can also be expressed using the fact that 

j,k,l j,k,l 

in 5'(R'") ® A2„ and the properties in lemma ^IM which lead to 

M 

- V^^j, fe,, = (2j + fc + —)(i)j,k,i 



(5.1) + \l{3 + l){3 + ^ + k)4>j+i,k.i + J]{j + ^ + k~l)(l>j^i^k,i- 
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In particular, for regular functions for which the actions of the derivatives or of 
multiplication with variables exist, this definition coincides with the usual action. 
The elements of V exp(— i?^/2) are such functions, which implies that 0(0) is dense 
in i2(R™'^") for O equal to V^, E + A//2 or muhiphcation with . 

Theorem 5.8. For the densely defined operators on L2(M™''^"), V^, E + M/2 and 
multiplication with R^ , it holds that and R^ are symmetric, while E + M/2 is 
skew-symmetric. 

Proof. We need to prove that for f,g e ©(V^), {V'^f\g)2 = {f\^'^9)2- This is easily 
seen to be true from the expression (|5.ip . The proof for the other operators is 
similar. □ 

For use in section |S1 multiplication with 

^ ^ ^02, r(|) 



is needed. This is not defined everywhere on 5'(M™) ® A2n- We start with the 
following definition. 

Definition 5.9. For an element f e L2(K.'"'^") associated with the sequence {aj^k,i) 
the following functions fk.i are associated: 

fkjW) ' .M exp(-^V2) e L2{W^y'+^''-^du). 

j"=0 S'.fc 

In the L2(M'™l^")-topoZo(;2/ the following expression converges, 

The element fk,i{R^)H'~l^ e L2(R'"|2") is given by Ylj aj,kA<f>j,k,i, or represented by 
the sequence Ci^p^t = SpkSuai^p^f 

This leads to the definition of multiplication with R. 

Definition 5.10. Let f e L2(R'"|2") be given by Y^k^^ fk,i{R'')H^^\ Ifufk^u^) e 
L2(]R.+ , w^^^-'^du) for each k,l then 

RfkAR^)Hi'^ e L2(R™|2") 
as in definition \5.9l If the series converges in L2(IR™'^") then Rf is defined as 

k,l 

This densely defined operator is symmetric. 
Lemma 5.11. For f,g £ L2(M™|2") elements of]D{R), the relation 

{Rf\9)2 = {f\R9)2 

holds. 



i?/(x) = . 
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Proof. The definition of tlie inner product and tlie notation in definition 15.91 leads 
to 

{Rf\9)2 = Y.^{Rf)k.i{R^)H'i^\9kAR^)H^\ 

k,l 

= Y,{Rh,i{R^)H'i''\gkAR^)H'i^h- 

k,l 

The lemma then follows from the observation 

for /ii(u2),/i2(u2) G L2(M+,M*^+2'=-Mu). □ 

Theorem 5.12. If a set of functions fk,]{r1)H^^\{y), j, fc e N, i = 1, • ■ • , dim ^ 

constitutes a basis for L2{M.^^), then the set of generalized functions 

{fk^j {R^)Hj!^ li, fc e N, ? = 1, • • • , dimT^fe}, 

with {Hj!-'} a basis for Hk, constitutes a basis for L2(M™'^"). 

Proof When f{rl)Hl^^\v) is an element of L2(M*^), then f{R^)H]^\yi) is an el- 
ement of L2(]R'"'^"), this follows from the discussion before proposition 15.11 This 
also generates a morphism x : L2{^'''')kd ^ L2(M™|2")fe,,, with L2(M"|2")fe,, the 
subspace of L2(K™I^") generated by {4>j^k,i{p^),j £ N} with k and I fixed, 

x[/(r|)i?r(y)]=/(i?')i?f (x). 

This morphism satisfies xWjktiv)] — 4'j.k.i{^) and therefore is an isomorphism. 
Since {fkA'rl)Hl^'\y)J G N} is a basis for L2(K^')fc,i, {/fe,,(i?2)iff (x), j G N} 
is a basis for L2(M™'^")fc./. This implies that every can be expanded in 

terms of the fk,j {R^W'^k^ (x) . □ 

Remark 5.13. In view of the Gelfand triple, there are some elements of the Hilbert 
space L2(M"''^") which are usually regarded as generalized functions. There are also 
regular functions (elements o/L2(M™) ® lS.2n) which are only regarded as elements 
of S'(M.™) A^2n, but not as elements of the Hilbert space. 



This remark and the two Gelfand triples can be captured in the following venn 
diagram. 
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Now we consider the function /(x) € L2(IR™)®A2„ from the proof of theorem l4.1l 
Since (/|/)2 would be infinite we obtain /(x) ^ L2(]R'"I^"). In particular the venn 
diagram above shows this also implies /(x) ^ iS(]R.™) O A2„. This can also be seen 
from corollarv l4.6l and equation (|4.4p . ||/||o is infinite. Since /(x) e L2(K'") ® A2„, 
the expression ||/||q is finite, so the equivalence of norms implies that for some 
r > 0, 11/11* must be infinite. 

As a final result of this section, we obtain a Parseval theorem for the super 
Fourier transform with respect to both inner products and (.|.)2. 

Theorem 5.14. (Parseval) The adjoint of J-^^^n "^i^der both of the inner products 
and (.|.)2 is given by J-^^^n- This implies that for f and g G i2(]K-™)m|2n one 

has 

= (-^™|2n(/)l-^™|2n(5)>l 

and for f and g e L2(]R"|2") 

Proof. In [5] it was proven that for f,g E L2(M™)„|2„, the following holds, 

/ /(x)^= / -F±|2„(/)(y)-^;J;i2„(ff)(y)- 

This implies that 

{f\g)i = / /(x)*^ 

= / -^m|2«(/)(y)-^m|2„(*5)(y)- 

In order to prove the first part of the theorem we therefore need to show that 
(f) = J-'^in (*f) for f in L2(W^)^\2„- Since -F^n = T'^m ° J'ti-, , this is 
equivalent to proving *^q]^2'iS'^) ~ -^o|2n(*'^) ^'^^ ^ ^2n- Equations p. 191) and 
(|2.28p imply that * and J'Q^2n ^^'^^ * coinciding basis of eigenvectors which proves 
they commute. 

The Fourier transform on L(R'"I^") is the Hahn-Banach extension of the Fourier 
transform on S{MJ")m\2n- The second part of the theorem is then immediately 
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proven by the orthonormahty of the super Hermite functions and equation p.28|) . 

□ 

6. Orthosymplectically invariant quantum problems 

In this section we study orthosymplectically invariant Schrodinger equations in 
superspace. We prove that the solutions of the Schrodinger equations derived in 
[6] form a complete set. We also derive a criterion for essential self-adjointness for 
orthosymplectically invariant Hamiltonians. 

When spherically symmetric quantum Hamiltonians (such as the (an)harmonic 
oscillator fT2l or the hydrogen atom f27]) are generalized to superspace we get super 
Hamiltonians with an osp(m|27i) invariance. In |27j the energy eigenvalues and cor- 
responding eigenspaces were determined for the quantum Kepler problem (hydrogen 
atom) in superspace. In [T^] the basis of Hermite functions was constructed for the 
quantum harmonic oscillator in superspace. In |6] general orthosymplectically in- 
variant Schrodinger equations were studied in the context of orthosymplectically 
invariant functions and harmonic analysis. They were solved using the results from 
the purely bosonic case. 

It was proven in ^ that a general orthosymplectically invariant Hamiltonian is 
of the form 

(6.1) =_iv2 + y(i?2), 

with V{R^) defined in definition 12.71 For every such a super Hamiltonian we can 
also consider the special case of the bosonic Hamiltonian of the form 

(6.2) H, = -^^lM + V{rl) 

in M bosonic dimensions, y e K^^ and m — ^y,- With these notations, 

the following was proven in theorem 7 in [5^. 

Lemma 6.1. // the function H^f{r^) with Hi. G 'Hfc j\/ is an eigenvector of the 
M -dimensional Hamiltonian I16.2\) with eigenvalue E, then 



'iv2 + y(i?2 



HkfiR^) = EHkfiR" 



for an arbitrary H^ G Hk in superspace R™'^". In case f{ry) is n times differen- 
tiable f{R^) is given by definition \2. 7| If not, f{R^) is defined formally as element 
o/L2(K'"l^") by a series expansion ( definition 1 5. 2\) or by a Taylor expansion as an 
element o/5'(M'") ® A2„ (definitions^ 



Now the Hilbert space structure is obtained we can prove that this set of solutions 
is complete. 

Theorem 6.2. // fk,j{f'^)H^'''^ is an orthonormal basis for L2i^^^) of eigenvectors 

of the bosonic Schrodinger equation in M dimensions i6.S^) . then fkj(R^)H^l^ is 
an orthonormal basis for L2(M'"I^") of eigenvectors of the Schrodinger equation 

1. 



X(x) = £'x(x). 

Proof. This follows from lemma 16.11 and theorem 15.121 □ 
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To find the multiplicities for the energy levels it is important to note that the 
dimension of the spherical harmonics of degree k (in superspace) is given by 

, . ^ , "* / 2n\ fk~i + m— 1\ '"■r-^ ' ^ ( 2n\ fk — i + m — 3 

see [H]- 

The intersection of i2(l^'")m|2n a-nd L2(M™'^") has an important property for 
orthosymplectically invariant Schrodinger equations. 

Theorem 6.3. // the function f(R^)Hk, with f{R^) as definition \2.7\ (so with 
f e C"(M+)j, is an element o/ iy2(R'")m|2n for each Hk G Hk, then 

f{R^)Hk e L2(M"|2"), 

for each G Hk- 

Proof. Since Hk is arbitrary, we consider Hk = H^ £ T-L^, a normalized bosonic 
spherical harmonic. The condition f{R^)H'^ e -^2(]R'"),„|2,i implies 

f{R')f{R')H',Hl e Li(IR")„|2„. 
This implies the following expression is finite 

/ f{R^)f{R^)HlHl = r r"^+^^-^dr [ f{R^)f{R^) 

The proof of theorem 4 in [B] then shows this is equal to 

/"OO 

^M+2fe-1^2(^2)^^ 



for some coefficient c. This coefficient can be calculated by taking the example 
f{R^) = exp(— i?^/2) and using equation (|2.9I) and lemma [2T4l 



r 1 M 

/ eM-R'WlHl = r(2fc+— )ao,fe,ofoo,fc,o 



r(f + fc) 



r(f + k)n\ Jo 



oo 



exp(— r )dr, 



so c = w a/ , . Therefore 



oo T(M. 4- h)n^ r 

,M+2fc-l^^(^2) ^ +7^- / < OO 

and /(w^) g L2{R+,v^'^+^''-^dv), from which it is clear that f{R^)Hk G L2(M"|2") 
for each Hk € Hk (see theorem 15. 12p . □ 

Remark 6.4. This theorem is interesting for orthosymplectically invariant Schrodinger 
equations. If an eigenfunction of the typical form f{R^)Hk is found, which is an 
element o/ i2(IK.™)m|2n) theorem \6.3\ imvlies this is an actual solution, inside the 
Hilbert space. This is for instance the case for the solutions of the quantum Kepler 
problem obtained in [27]. 
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It is however still possible, in general, that there are solutions in L2(M™I^") which 
are not contained in L2(M'")m|2„. 

We conclude this section with a criterion for essential self-adjointness for or- 
thosymplectically invariant Hamiltonians in superspace. The proof is based on the 
classical case, theorem X.ll in |23| . 

Theorem 6.5. For V G C"(R+), the Hamiltonian 

H = ^^V^ + V{R^). 

on L2(M"I^") IS essentially self-adjomt on Dm\2n, with D = C5"(M"\{0}), the C°° 
functions with compact support away from the origin, if 

^ ' 8 u - 8w 

for < It < uo for some Mq > 0. 

Proof The Hilbert space L2(M"|2") can be decomposed as 

L2(R™|2") =©r=oL2(K"l'")fe 

with L2(M™'^")fc generated by the functions 0j,fc,; with G N, / = 1, • ■ • ,dimHfc. 
We investigate H on D^\2n ^ L2(M'"'^"), in particular we define L2 and by 

L2(K™|2")fe = \4®'Hk and L2(K"'|2")fc n An|2„ = ?^fc. 



The inner product on L2 is given by {f{R'^)\g{R-^)) = j.M+2k 1 j (7-2-1^^^,2 
Using formula ()2.1ip we find that on L2(M™'^")fe H £'m|2n the action of H is given 

by 

with /-j^^, the unity and 

H(k)f(R-2) = -2i?2/(2)(i?2) „ (2fc + M)f(^\R'^) + V{R^)f{R^). 

By theorem y///.33 in [22 we need only to prove that for each k, iJ^*^-' is essentially 

self-adjoint on Lj- To prove this we use the isomorphism of Hilbert spaces between 
L2 and £2(18.''", r*'^+2''~^c?r) given by f{R^) — > f{r^)- This isomorphism transforms 
i/C') into 

1 (f f M + 2k-l\ d , 

+ Vir^), 



2dr^ \ 2r J dr 
which is essentially self-adjoint if 

(M-l)(M-3) ^ 3^ 

8 8r"^ 

for r near zero, see theorem X.IO in [23]. □ 
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7. The integrability of an sb representation 

On iS(M™) (E) A2n we have the representation of SI2 given by and 
E + M /2, which is skew-symmetric in the Hilbert space L2(M'"|2") by theorem O 
As was done in [T| for Dunkl harmonic analysis we can prove that this representation 
is integrable using Nelson's theorem (^21). Because the representation is densely 
defined and skew-symmetric we only need to prove that the Casimir operator is 
essentially self-adjoint. This Casimir operator is given by f[20j) 

C = (E + M/2f - ^{R^V^ + V^i?^). 

To prove the essential self-adjointness of this operator we use the criterion in 
lemma [^751 and rewrite the Casimir operator as 



C = (E + M/2)2-i((i?2 + v2)2-(i?2_ V 



2\2\ 



,1 \^ 1 



= {E + M/2y - \^-{R^ + +-(i?^-V 

= ^ I IE + M/2 + + V^) , E + M/2 - + V^) I + ^{R^ - V^)^. 

Combining this with lemma [^751 yields C(j)j^k,i — ^j,k,i4'j,k,i for some constants Xj^k,i, 
with the complete orthonormal set in L2(IR'"'^") of Hermite functions. This 

can also be found by calculating the Casimir operator using equations (12. ip and 
(ESI) 

^ M {M \ 

Equations ^(FM and (|2.12l) then imply 

M M 
C<l)j,k,i = (fc + Y - 2)(/c + —)cp,,k,i. 

So we find 

Theorem 7.1. The representation of SI2 on <S(M™) A2„ given by iR^/2, jV^/2 

and E -f M/2 exponentiates to define a unique unitary representation of SL(2,'R.), 
the universal covering o/5L(2,R), on L2(R™'^"). 

As a consequence of this and by the properties of the super Fourier transform 
acting on the Hermite functions ([IHIH]), we find that the super Fourier transform 
(12.271) can be written as 



(7-1) ^i2n = exp ( ) exp ( ±:f (i?^ _ v^; 

which was formally done in [5]. 



_ inM \ 



in 



8. The uncertainty principle for the super Fourier transform 

We formulate the Heisenberg uncertainty principle in superspace by means of a 
Heisenberg inequality for the Fourier transform on M™!^". This is a generalization 
of the bosonic case, see e.g. corollary 2.8 in [TO] , 
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Theorem 8.1. (Heisenberg inequality) 

For all /(x) £ L2(R"'|2") the super Fourier transform satisfies 

||i?/(x)||o||i?J-±2„(/)(x)||o > y 11/11^. 

Proof. First we prove the weaker inequality 

(8.1) ||i?/(x)||2 + ||i?J-±^J/)(x)||g > MWfWl 

The left-hand side of inequality (|8.ip is calculated using lemma [5?TT| equation ()2.29|) 
and theorem 15. 141 

(i?/(x)|i?/(x))2 + (i?.F± 2„(/)(x)|i?J-±|2„(/)(x))2 
= 2(ff/(x)|/(x))2-2(/|i/|/)2 

with H = — V'^) the hermitian hamiltonian of the harmonic oscillator. The in- 
equality (jS.ip then follows from the spectrum of the harmonic oscillator, see lemma 
12.81 The inequality in the theorem can then be calculated in the classical way. 
First we define /(c) (x) for /(x) G L2(M™|2") and c e R+. If /(x) = lim.^oo /s(x) 
for fs e 5(M'")to|2„ then the sequence {/s(cx)|s e N} is a Banach sequence in 
5(M'"),„|2,i with respect to the L2(M™'^")-topology. This can be seen from equa- 
tion (12.81) which implies 

(g(cx)|ft(cx))2 = c-^(.9(x)|/i(x))2 

for g and h in iS(M'"l^"). The function /(c) is then defined as the limit of the Cauchy 
sequence. This definition implies ||/(c)||o = c~*^^^||/||o- A short calculation shows 

that J-±2j/(c)) = c-^^(^;J;i2j/))(i/c). 

Inequality (|8.1I) for /(c) (x) then implies 

c-'''-^\\Rf{^)\\l + c'-''\\RT^^^Jf){^M > Mc-'''\\f\\l 

The theorem is then proven by taking c = ||i?/(x)||o/||i?J^^j|2„(/)(x)||o. □ 

Corollary 8.2. The inequality in theorem \8.1\ is an equality if and only if f E 
L2(R'"|2") is of the form 

fix) = Aexp(-Mi?') 

with A G C and fj, G . 

Proof. From the proof of theorem 18.11 it is clear that inequality (|8.ip is an equal- 
ity if and only if /(x) = Aexp(— i?-^/2) for a certain A G C. Now assume that 
for / the inequality in theorem 18.11 is an equality. This implies that for cq = 
||i?/(x)||o/||i?J-^|2„(/)(x)||o, the equality 

Co-2||i?/(x)||^ + cg||i?J-±|2„(/)(x)||2 = MWfWl 

holds. This implies that for /(c^,) as defined in the proof of theorem 18. 1[ equation 
(j8.ip is an equality, so /(c(,)(x) — Aexp(— i?^/2) or 

/(x) = Aexp(-i?V(2co)). 

This proves the only if part. 

The if part can be proven from the same considerations. □ 
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9. List of notations 

Some notations for spherical harmonics, Hermite functions and Hilbert spaces 
used in this paper are hsted below. 

AI ~ m ~ 2n > super-dimension 

X vectorvariable on M™ 

X vectorvariable on 

X vectorvariable on M'"!^" 

y vectorvariable on K*^ 

Hp spherical harmonics on R™ of degree p 

Tilj spherical harmonics in of degree q 

Hk spherical harmonics on M™!^" of degree k 

'H\f J, spherical harmonics on M^^ of degree k 

Hp^''^ orthonormal basis for Hp 

i?/*-*-* orthonormal basis for H'j 

H^^ orthonormal basis for Hk 

H^^Pf, orthonormal basis for H\j f. 

<t)\.p.i{x) = ■^Lf^'^^^{r^)Hp^^^ exp(-4) Hermite functions on R" 

(t^iqtii) = 77-ir"^^(^'^)^^9^*^ exp(~^) Hermite functions in A2„ 

fc,/(x) = -ArLf^^^^[R^)Hl^ exp(-^) Hermite functions on R"!^" 



2 

t>j,k,p,q,Lt ~ 4'j.2k+p+q,r[k,p,q,l,t] 



Hermite functions on R™!^" with basis H of lemma [2. 141 



(l)j.k.i{y) = -p^^j' (^y)^Miexp(-^) Hermite functions on R*^ 

L2{W^) Hilbert space of square integrable functions on ' 

i2(R'")m|2n tcnsor product of L2(R'") and A2„ 

L2(R'"|2") Hilbert space on R"!^" corresponding to (•|-)2 
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